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Abstract 
 
The rheological behavior of field-dependent smart fluids in both the pre-yield and post-yield regimes is investigated. Typical viscoelas-

tic and viscoplastic models are employed to model the fluids behavior. Viscoelastic models are used widely in the pre-yield regime. Vis-
coplastic models are also used extensively in both the pre-yield and post-yield regimes. Two smart fluids including a ferromagnetic nano-
particle fluid and an MR fluid are examined here. Using an MCR300 rheometer, the rheological properties of the fluids in both oscillation 
and rotational mode are measured. In the oscillation mode, the storage and loss moduli versus frequency are measured. In the rotational 
mode, shear stress, shear rate, viscosity and torque are measured. In the frequency domain, the pre-yield behavior of the ferromagnetic 
nano-particle fluid is modeled by Kelvin-Voigt solid model. Also, the three-parameter fluid model is used to model the pre-yield behav-
ior of the MR fluid. Two viscoplastic models including Bingham-plastic and Herschel-Bulkley models are selected to model the 
rheological behavior of fluids in the time domain. Which model is more appropriate depends on the external magnetic field and the shear 
rate. Both models are used here to model the fluids’ behavior. The models properly predict the results observed in the experiments. 
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1. Introduction 

EMR (electrorheological/magnetorheological) fluids are a 
group of smart materials whose material properties can be 
controlled by applying an external electric/magnetic field. 
When an external field is applied to the EMR fluids, substan-
tial changes occur in rheological, magnetical, electrical, ther-
mal, optical and acoustic properties of the fluid. Of the change 
in rheological properties of the fluid, in particular, the most 
important effect of the field is the enhancement of the fluid 
resistance to flow. As the field strength goes up, the viscosity 
of the fluid increases and its structure changes from a fluid to 
a solid-like material. This change in the structure and in the 
rheological properties occurs in a very short time, that is, 
lower than a few milliseconds. The response of these fluids to 
the field is continuous, fast and reversible. The fluid structure 
and material properties return to the initial state once the field 
is removed or a shear stress higher than yield stress is exerted 
onto the fluid. The yield stress depends on the field strength 
and the fluid composition. Using nano-particles (vs. micron-
scale particles) with constant weight ratio improves the stabil-

ity of fluid against settlement. However, it adversely affects 
the fluid performance by decreasing the yield stress [1].  

EMR fluids are classified into ER, MR and ferromagnetic 
fluids. These fluids are mainly a composition of some parti-
cles suspended in a carrier (base) liquid. The rheological prop-
erties of such fluids depend on variables such as particle den-
sity, particle size, shape of the particles and their distribution, 
carrier fluid properties, additives, external field and tempera-
ture. Once the fluid is subjected to a field, the particles are 
aligned across the field creating a chain-like structure. The 
new structure alters the shear resistance and viscosity of the 
fluid [2]. A significant property of EMR fluids is the depend-
ence of their yield stress on the external field. When the shear 
stress increases and reaches the critical value, yield stress, the 
material flows and then behaves close to a Newtonian fluid [3]. 
The EMR fluids’ behavior in two regimes including the pre-
yield and post-yield is studied independently. Although the 
fluids’ behavior in the post-yield regime is simple, their be-
havior in the pre-yield regime is complex [3]. 

Several models have been presented to characterize the pre-
yield behavior of EMR fluids. No specific model, however, 
could properly describe the pre-yield behavior of all EMR 
fluids. In general, viscoelastic models are extensively used in 
the pre-yield regime to model the rheology of the EMR fluids. 
These models are comprised of elastic springs and viscous 
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dashpot elements [3]. Model parameters such as spring con-
stants and damping coefficients are determined through rheol-
ogy tests. Classification of the viscoelastic models is done 
according to fluid-like or solid-like behavior of the viscoelas-
tic material. The common fluid-like viscoelastic models are 
viscous dashpot [4, 5], Maxwell fluid [6, 7], and three-
parameter fluid [8, 9]. Elastic spring [10, 11], Kelvin-Voigt 
solid [12-14], and three-parameter solid [15] are the common 
solid-like viscoelastic models. Viscoplastic models are widely 
used to model the entire pre-yield and post-yield behavior of 
the EMR fluids. The fluid behavior under field is nonlinear 
and different in the pre-yield and post-yield regimes [1]. In the 
pre-yield regime, the fluid resists against flowing; therefore, in 
this regime the behavior of the fluid is similar to solid. The 
fluid flows when shear stress passes the yield stress.  

Two simple viscoplastic models are commonly used: the 
Bingham-plastic and Herschel-Bulkley. In these models, two 
parameters, including the yield stress and the viscosity, are 
used to describe the behavior of the fluid. Where shear stress 
is proportional to the shear rate within the post-yield regime 
(i.e., constant viscosity), the model is Bingham-plastic. Once 
the material behaves such that the viscosity is not constant, the 
Herschel-Bulkley viscoplastic model is a better choice than 
the Bingham-plastic model [1]. 

In this paper, two EMR fluids, a ferromagnetic nano-
particle fluid and an MR fluid, are examined. First, the com-
mon viscoelastic and viscoplastic models are reviewed. Then, 
using experimental results of the rheology tests, the proper 
models which best describe the rheological behavior of these 
fluids (in both the pre-yield and post-yield regimes) are pre-
sented. From experimental results, the Kelvin-Voigt solid 
model is used to describe the rheological behavior of the fer-
romagnetic nano-particle fluid in the pre-yield regime. In ad-
dition, the three-parameter fluid is employed to model the 
rheological behavior of the MR fluid in the pre-yield regime. 
In the time domain, the Bingham-plastic and Herschel-
Bulkley viscoplastic models are used to determine the 
rheological behavior of the fluids, in the entire pre-yield and 
post-yield regimes. A specific viscoplastic model is preferred 
depending upon the field strength and the shear rate.  

The models describing the dependence of the shear 
modulus and yield stress on the magnetic field are also inves-
tigated. The experimental results support the existing models, 
which formulate these variations by quadratic polynomials. 
 

2. Theory 

2.1 Viscoelastic models 

The common viscoelastic models are illustrated schemati-
cally in Fig. 1. Models are classified according to solid-like or 
fluid-like behavior of the fluids. These models include two 
basic components, viscous dashpot and elastic spring. Com-
plex viscoelastic models are composed of several dashpots 
and spring elements. Based on the rheological tests, the pre-

yield behavior of the EMR fluids may be described by a num-
ber of viscoelastic models. 

Generally, viscoelastic models are specified in frequency 
domain by defining a complex modulus. The real part of this 
modulus shows the stiffness properties of the material, namely 
the elastic or storage modulus, and the imaginary part indi-
cates the damping properties of material, namely viscous or 
loss modulus. These components comprise the response (de-
formation or strain) characteristics of a viscoelastic material to 
an external input (force or stress). Hence, 
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where γ  refers to the shear strain, and *G , G′  and G′′  
indicate the complex modulus, storage (elastic) modulus and 
loss modulus, respectively. From the rheology test results in 
the frequency domain, the storage and loss moduli versus 
frequency are determined. 

For a purely viscous element (dashpot), the storage modulus 
is zero and the loss modulus increases linearly with frequency; 
therefore, the storage and the loss modulus are given as fol-
lows: 
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where c indicates the dashpot constant. For the Maxwell fluid, 
the relations between the model parameters and the storage 
and loss moduli are given by: 
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where k refers to the spring constant. However, for a three-
parameter fluid: 
 

( )
( )

( )
( )

2 2 2
1 2 1 22

2 22 2
1 2 1 2

  ,   
k c c c ck c

G G
k c c k c c

ω ωω
ω ω

⎡ ⎤+ +⎣ ⎦′ ′′= =
+ ⎡ + ⎤ + ⎡ + ⎤⎣ ⎦ ⎣ ⎦

 (4) 

 
Fig. 1. Common viscoelastic models for rheological modeling of the 
EMR fluids. 
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Similar relations can be derived for the solid-like models. In 
contrast to the fluid models, for the elastic spring, the storage 
modulus is independent of frequency and the loss modulus is 
zero: 
 

  ,  0G k G′ ′′= =   (5) 
 

For a Kelvin-Voigt solid model, the storage modulus is in-
dependent of frequency while the loss modulus increases line-
arly with frequency. The relations between the model parame-
ters and storage and loss moduli are then: 
 

  ,  G k G cω′ ′′= =   (6) 
 

The three-parameter solid is characterized by: 
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Experimental results obtained in the rheology tests are gen-

erally compared with the graphs representing the viscoelastic 
models [7, 8] to arrive at a suitable model for material behav-
ior.  

 
2.2 Viscoplastic models 

Herein, two common viscoplastic models including the 
Bingham-plastic (BP) and Herschel-Bulkley (HB) are exam-
ined. In viscoplastic models, the fluid behavior in both pre-
yield and post-yield regimes is considered. The boundary 
between these two regimes is specified by the critical shear 
stress (yield stress). In the pre-yield regime where shear stress 
is lower than yield stress, the behavior is assumed as a solid. 
The material flows after the shear stress passes over the yield 
stress.  

In the BP model, the difference between shear stress and 
yield stress (in the post-yield region) equals the shear rate 
multiplied by fluid viscosity [1]. The shear stress-shear rate 
relation for the BP model is therefore written as: 
 

yτ τ ηγ= +   (8) 
 
in which yτ  is the yield stress, η  the fluid viscosity and γ  
the shear rate. 

In the HB model, the rheological behavior of fluid is the 
same as BP model in the pre-yield region. Here, the difference 
between shear stress and yield stress is equal to the consis-
tency factor multiplied by some power of the shear rate [1]. 
The shear stress-shear rate relation is then given by: 
 

m
y kτ τ γ= +   (9) 

 
where k  indicates the consistency factor and m  is the 
flow index. The post-yield behavior of flow is classified ac-
cording to the flow index values. When the flow index is 
greater than 1 ( )1m > , the fluid behavior is shear thickening. 

Once the flow index is lower than 1 ( )1m < , the fluid behav-
ior is shear thinning. At 1m = , the fluid behavior is similar to 
the BP model.  

Experiments are conducted here for two types of fluids, for 
which appropriate viscoplastic models are then derived based 
on the rheology test results.  
 

3. Experimental work 

3.1 Test apparatus 

A Paar Physica MCR300 rheometer (see Fig. 2) is used to 
measure the rheological specifications of the fluids. The 
rheometer is an air bearing type rheometer. The necessary air 
is supplied by a 250-lit tank. Air passes through a series of 
filters absorbing its moisture and oil contaminants. The pure, 
clean and dry air flows into the rheometer at 5 bar and 110 
lit/min. The chosen geometry is parallel plate. There is a 1-
mm gap between the plates. The lower plate is fixed and the 
upper one rotates. A magnetic cell is utilized to apply the re-
quired continuous magnetic field. In addition, a water-based 
heater/cooler system is used to provide a uniform constant 
temperature. This system is capable of adjusting the fluid tem-
perature at values between -30 oC and 180 oC. All the meas-
urements are performed at 25 oC. 

 
3.2 Measurement 

Here, two EMR fluids including a ferromagnetic nano-
particle fluid (named NMF-128DV synthesized in Iran Color 
Research Center) and an MR fluid (named MRHCCS4-A 
made by U.K. LIQUID RESEARCH Company) are used. 
Fluid specifications are in Tables 1 and 2. Rheological proper-
ties are measured in both the time (rotational mode) and fre-
quency domains (oscillation mode). 

 
3.2.1 Rotational mode 

In this measurement mode, shear stress, shear rate, viscosity 

 
Fig. 2. MCR300 rheometer used for rheological measurement under 
magnetic field. 
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and torque are measured at steady-state conditions. First, using 
a time transient test, the required time after which the fluid 
becomes steady is determined. This time depends on the fluid 
properties and external magnetic field. When the fluid is sub-
jected to an external field the time constant increases. The 
range of time constants in our tests is from 10 to 100 seconds. 
First, a sufficient volume of the fluid (approximately 0.2 ml) is 
placed in between the rheometer plates. Then the upper plate 
rotates while a sensor measures torque and the related external 
force. The shear rate range is from 0.1 to 1000 1/s. The upper 
limit of the shear rate is chosen such that the fluid does not 
leave a gap between the two plates. Thirty test points are 
measured for each fluid sample. The time duration of each 
measurement is three seconds and the total time of each fluid 
sample test is ninety seconds. For the ferromagnetic nano-
particle fluid, the range of the external magnetic fields experi-
enced here corresponds to 0 to 1 A current. In fact, the fluid 
fails above 1 A. However, the applicable range for the other 
fluid (MR fluid) is 0 to 2 A. 

 
3.2.2 Oscillation mode 

In this measurement mode, the fluid is subjected to an oscil-
latory force at different frequencies. The frequency is varied 
from 0.01 to 100 Hz. In this mode, the storage and loss moduli 
versus frequency are calculated. First, using amplitude sweep 
test, the storage and loss moduli versus shear stress are meas-
ured at constant frequency. The aim of this test is to determine 
the maximum shear stress related to linear behavior of the 
fluid. Then, using frequency sweep test, the storage and loss 
moduli versus frequency are measured. The frequency sweep 
test includes two modes: constant shear rate (CSR) and con-
stant shear stress (CSS). The MCR rheometers measurement 
is based on applying shear stress to the fluid. Therefore, we 
used the CSS mode in the oscillation test. In the CSS mode, 
the fluid is subjected to a constant shear stress (the maximum 
shear stress associated with the amplitude sweep test) and the 
storage and loss moduli versus frequency are measured. Here, 
similar to the rotation mode, the range of the fields applied to 
the ferromagnetic nano-particle fluid and the MR fluid is 0 to 
1 A and 0 to 2 A, respectively. 
 

4. Rheology test results and modeling 

4.1 Modeling in frequency domain 

Both the test and model values for storage and loss moduli 
versus frequency are shown in Figs. 3 to 6. The model (s) used 
to generate the curves in these figures will be discussed later 
in the next section. Least square method in conjunction with 
Levenberg-Marquardt algorithm is used to find the parameters 
of the models. 

The relation between the field strength and the shear-storage 
modulus can also be investigated. This relationship has been 
described as [16]: 
 

03 HsG Mφµ′ ≈   (10) 
 
in which φ  is the volume fraction of the suspended particles 
of the fluid, 0µ  is the permeability of the free space, sM  is 
the saturation magnetization of the particle and H  (A m-1) is 
the strength of external field. At low magnetic fields (i.e., 
lower than 0.6 T), where sM  is expected to be linearly re-
lated to H , Eq. (10) is expressed as follows [17]: 
 

2
0HG φµ′ ∝   (11) 

 
Eq. (11) shows a square power relationship between shear-

storage modulus and magnetic field strength. Therefore, a 
quadratic polynomial is fitted to the experimental values of 
shear-storage modulus of the fluids versus field strength. The 
details of these relationships for the specific fluids under study 
are presented in sections 4.1.1 and 4.1.2. 

 
4.1.1 Ferromagnetic nano-particle fluid 

Fig. 3 shows that variations of storage modulus vs. fre-
quency are small at different magnetic fields. The results in 
Fig. 4 also imply that the loss modulus has low variation with 

Table 1. Specifications of the ferromagnetic nano-particle fluid. 
 

Base fluid Operating  
temperature Density Color Particles Particles 

size 

Particles 
volume 

ratio 

Hydrocarbon -20 (ºC) to 
120 (ºC) 

1.2 
(g.cm-3) Black Magnetite 14 (nm) 6.5 % 

 
 
Table 2. Specifications of the MR fluid. 
 

Base fluid Operating  
temperature Density  Color Particles packing 

(wt) 

Hydrocarbon -40 (ºC) to 140 (ºC) 2.49 (g.cm-3) Gray 70 % 
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Fig. 3. Storage modulus vs. frequency in different magnetic fields (0.2-
1 A) for ferromagnetic nano-particle fluid (model: curve-line, test: 
discrete marks). 
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frequency. However, the loss modulus is considerably smaller 
than the storage modulus. The variations follow the same 
trend in different fields. Therefore, the pre-yield behavior of 
the fluid is modeled by the Kelvin-Voigt solid model. The 
parameters of the model including spring constant and damp-
ing coefficient are presented in Table 3. For comparison, the 
test results together with the model results are shown in Figs. 
3 and 4. Based on the model discussed at the end of the previ-
ous section, the relation between field and shear modulus can 
now be evaluated. The polynomials representing the shear-

storage modulus of the NMF material in different magnetic 
fields (in terms of current 'I'  in Amps or field 'H'  in kAm-1) 
were computed as follows: 
 

4 2 4 3

2 3

(Pa) 2.36 10 I 2.09 10 I 3.03 10
(Pa) 0.6364 H 97.78 H 4.187 10

G
G

′ = × + × + ×
′ = + + ×

  (12) 

 
It should be noted that these relations are only developed for 

the regions where the storage modulus no longer depends on 
frequency ( 7 rad/sω >  in Fig. 3, for instance). In fact, such 
relationships cannot be offered, in particular, for loss modulus 
of the fluid; there is no value of magnetic field for which the 
loss modulus is independent of frequency (Fig. 4). 

 
4.1.2 MR fluid 

Based on the results indicated in Figs. 5 and 6, the pre-yield 
behavior of the MR fluid is modeled by the three-parameter 
fluid model. Presented in Table 4 are the model parameters 
comprising the spring constant and the loss coefficients. 

In Figs. 7 to 9, the storage and loss moduli in three values of 
magnetic field (0.2 A, 1 A and 1.8 A) are shown. The fluid 
viscous or elastic appearance varies in different fields and 
frequencies, and the pre-yield behavior of the MR fluid is 
appropriately modeled by the viscoelastic three-parameter 
fluid. For I 0.6 A< , the viscous property is more pro-
nounced, than the elastic property, over the entire frequency 
range. For 0.8 I 1.4 A< < , the frequency is an essential 
parameter to determine which of the viscous or elastic proper- 

Table 3. Kelvin-Voigt model parameters: spring constant and damping 
coefficient (ferromagnetic nano-particle fluid). 
 

1 0.8 0.6 0.4 0.2 I (A) 

48.05334.549 25.631 14.425 8.462 k (kPa) 
5.706 4.673 10.812 6.574 2.821 c (Pa.s) 
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Fig. 4. Loss modulus vs. frequency in different magnetic fields (0.2-1 
A) for ferromagnetic nano-particle fluid (model: curve-line, test: dis-
crete marks). 
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Fig. 5. Storage modulus vs. frequency in different magnetic fields (0.2-
1.8 A) for MR fluid (model: curve-line, test: discrete marks). 

Table 4. Three-parameter model: spring constant and damping coeffi-
cients (MR fluid). 
 

2 1.81.6 1.4 1.2 1 0.80.60.40.2I (A) 

132.33112.3487.93 73.24 59.26 47.32 32.4321.2710.375.25k (kPa)
874798659 608 547 415 332215112361c (Pa.s)
8.937.896.54 5.38 3.87 2.34 1.670.8930.4210.1072c (kPa.s)
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Fig. 6. Loss modulus vs. frequency in different magnetic fields (0.2-1.8 
A) for MR fluid (model: curve-line, test: discrete marks). 
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ties dominates. Here, at medium frequencies the elastic behav-
ior appears stronger than viscous, and vice versa for other 
frequencies. For I 1.6 A>  and for a wide range of frequen-
cies, particularly at medium and high frequencies, the elastic 
property is stronger than viscous. The viscous effect domi-
nates over the elastic at low frequencies. 

Similarly, based on the experimental data, the shear-storage 
modulus of the MR material corresponding to the different 
magnetic fields ( 'H'  in kAm-1 or current 'I'  in Amps) fit the 
model represented by the following equations: 

 
4 2 4 3

2 3

(Pa) 1.87 10 I 1.55 10 I 3.16 10
(Pa) 0.5922 H 48.61 H 1.104 10

G
G

′ = × + × − ×
′ = + − ×

  (13) 

 
It should be noted that these relations are only developed for 
the regions where the storage modulus no longer depends on 
frequency ( 50 rad/sω >  in Fig. 5, for instance). Equation 
(13) reconfirms the accuracy of relations discussed earlier 
(section 4.1 and references [16-18]) for modeling the field 
dependency of the shear modulus in MR fluids.  

 
4.1.3 Observations 

The fluids’ behavior observed above (in sections 4.1.1 and 
4.1.2) can be explained as follows. 

EMR materials show a gel-like behavior when stronger 
fields make the structure three-dimensional (3D). As the solid-
like behavior develops, there is no viscosity to damp the oscil-
lations energy, i.e., stress and strain are almost in-phase. The 
magnetic nano-particle fluids should develop a larger 3D 
structure than MR fluids due to existence of nanoparticles, 
which form stiffer and larger clusters. 

One could see (section 4.1.1) a large difference between 
storage modulus ( )G′  and loss modulus ( )G′′  where stor-
age modulus is considerably higher than loss modulus. This is 
probably due to the formation of a 3D particle structure of 
magnetic nanoparticles forming clusters, caused by a magnetic 
field. The strength of the structure (elasticity) and, hence, the 
storage modulus is increased with the strength of the magnetic 
field. The fact that G′  does not change with frequency is due 
to the formation of a solid 3D structure where there is no dan-
gling part in the structure, which could be dependent upon the 
frequency, in which case frequency variation would not affect 
storage modulus.  

The amount of current has a direct influence on the structure 
of MR fluid (section 4.1.2). At small current, i.e., I 0.6 A< , 
the structure is damping energy and is viscous: G G′′ ′> . At 
such currents (low currents), G′  and G′′  are more depend-
ent upon frequency at smaller frequencies. This indicates the 
existence of dangling units’ damping energy which makes 
G′′  greater than G′ . When 0.8 I 1.4 A< < , the behavior 
is viscoelastic, viscous at medium frequencies and elastic at 
higher frequencies. At I 1.6 A> , the MR fluid develops a 
three-dimensional particle structure and the elastic properties 
prevail.  
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Fig. 7. Measured values of the storage and loss modulus moduli vs. 
frequency for the MR fluid subjected to 0.2 A external magnetic field.
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Fig. 8. Measured values of the storage and loss modulus moduli vs. 
frequency for the MR fluid subjected to 1.0 A external magnetic field.
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Fig. 9. Measured values of the storage and loss modulus moduli vs. 
frequency for the MR fluid subjected to 1.8 A external magnetic field.
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4.2 Modeling in time domain 

The variation of shear stress versus shear rate in different 
magnetic fields is shown in Figs. 10 and 11. The curves here 
in the figures represent the model (s), which will be discussed 
later in this section. As it is observed (in Figs. 10 and 11), 
when the fluids are subjected to an external magnetic field, 
their behavior is non-linear; the pre-yield and post-yield re-
gimes behave differently. The yield stress changes (increases) 
with the field strength. A simple model to characterize the 
fluid rheology is the BP model. The model parameters are the 
yield stress and viscosity (a constant in the post-yield regime). 
In cases where the viscosity increases or decreases with shear 
rate, the HB model is more suitable than the BP model. Both 
models are examined here. 

In Tables 5 and 6, the BP model parameters including the 
yield stress and viscosity are presented. For the ferromagnetic 
nano-particle fluid, the yield stress varies from 192 Pa at 0.2 A 
to 372 Pa at 1 A. The yield stress variation is smooth: mono-
tonically increasing with the field strength. The viscosity of 
the fluid also increases with magnetic field and approaches the 
saturation threshold at 0.8 A. In the case of MR fluid, the yield 
stress varies from 2.023 kPa at 0.2 A up to 28.36 kPa at 2 A. 
Yield stress varies with the magnetic field smoothly. The vis-
cosity increases up to a threshold at 1.6 A. 

The HB model parameters, including yield stress, consis-
tency factor, and flow index, are presented in Tables 7 and 8. 
Variation of model parameters versus the field is nearly 
smooth. The yield stress and the consistency factor of the flu-

ids also increase as the magnetic field increases. For the fer-
romagnetic nano-particle fluid, the yield stress changes from 
147 Pa at 0.2 A to 261 Pa at 1 A, and for the MR fluid, the 
yield stress varies from 407.1 Pa at 0.2 A to 9.075 kPa at 2 A. 
In this model, the yield stresses of the fluids are greater than 
the values obtained in the BP model. The flow indexes of the 
fluids are lower than unity; therefore, the fluids’ behavior in 
the post-yield regime is shear thinning.  

The rheology test results are compared with the BP model 
in Figs. 10 and 11. Similarly, a comparison of the rheology 
test results with the HB model is shown in Figs. 12 and 13. 
For the ferromagnetic nano-particle fluid, the BP model works 
properly in the post-yield regime for 150γ > 1/s; however, 
the HB model is suitable in both the pre-yield and post-yield 
regimes. For the MR fluid, the BP model is good over the 
entire range of magnetic fields, but for shear rates above a 
specific value. This value depends on the magnetic field. The 
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Fig. 10. Shear stress vs. shear rate at different magnetic fields (0.2-1 A) 
for the ferromagnetic nano-particle fluid (the BP model: curve-line, 
test: discrete marks). 
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Fig. 11. Shear stress vs. the shear rate at different magnetic fields (0.2-
1.8 A) for the MR fluid (the BP model: curve-line, test: discrete marks).

Table 5. The BP model parameters for ferromagnetic nano-particle 
fluid. 
 

1 0.8 0.6 0.4 0.2 I (A) 

372 352 328 286 192 yτ (Pa) 
0.17520.1726 0.1668 0.1363 0.1028 η (Pa.s) 

 
Table 6. The BP model parameters for MR fluid. 
 

21.81.6 1.4 1.2 10.8 0.6 0.4 0.2 I (A) 

28.3625.7423.6620.88 17.29 15.03 11.73 8.327 4.919 2.023 yτ (kPa) 
2.8542.7242.7623.722 3.371 3.075 2.523 1.961 1.397 0.7024 η (Pa.s) 

 
Table 7. The HB model parameters (ferromagnetic nano-particle fluid).
 

1 0.8 0.6 0.4 0.2 I (A) 

261 259 243 210 147 yτ (Pa) 
22.04 13.58 10.26 8.835 4.603 k  
0.362 0.424 0.458 0.456 0.496 m  

 
Table 8. The HB model parameters (MR fluid). 
 

21.81.6 1.4 1.2 10.8 0.6 0.4 0.2 I (A) 

9.0757.4186.4515.963 3.990 3.276 2.297 1.375 1.011 0.4071 yτ (kPa) 
1541174820461905 2127 2098 2061 1772 1108 597.8 k  
0.4120.3860.3530.352 0.318 0.303 0.271 0.247 0.235 0.196 m  
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HB model is fine for all shear rates for I 0.6 A< . 
Previous investigations have shown that yield stress is re-

lated to the field as follows [16]: 
 

31
2 2

06 Hy sMτ φµ≈   (14) 

 
For low magnetic fields, Eq. (14) is given by [17]: 

 
2

0Hyτ φµ∝   (15) 
 
Our results also show that a quadratic polynomial closely 

fits the experimental values of the yield stress versus magnetic 
field (taking 'H' in kAm-1 or current 'I'  in Amps). These varia-
tions can be represented accurately by the following equa-
tions: 

3 2 4 3

2 2 3

(Pa) 1.466 10 I 1.81 10 I 1.799 10

(Pa) 1.817 10 H 84.83 H 1.074 10
y

y

τ

τ −

= − × + × − ×

= − × + − ×
  (16) 

 
Similarly, quadratic polynomials corresponding to the be-

havior of the NMF material are obtained as: 
 

2 2 2

3 2 2

(Pa) 2.964 10 I 5.67 10 I 95.5

(Pa) 7.016 10 H 2.664 H 1.153 10
y

y

τ

τ −

= − × + × +

= − × + + ×
  (17) 

 

5. Conclusions 

Experiments were conducted to study the rheological be-
havior of selected smart EMR fluids in both pre-yield and 
post-yield regions. Typical viscoelastic and viscoplastic mod-
els were then employed to model the fluids’ behavior. Two 
types of fluids including a ferromagnetic nano-particle fluid 
and a commercial MR fluid were fully examined. The 
rheological properties of the fluids in both frequency (oscilla-
tion mode) and time domains (rotational mode) were investi-
gated using an MCR300 rheometer. Storage and loss moduli 
were measured in the oscillation mode while shear stress, 
shear rate, viscosity and torque were measured in the rota-
tional mode.  

Variations of storage and loss moduli vs. frequency were 
small at different magnetic fields for the ferromagnetic nano-
particle fluid. Loss modulus was considerably smaller than 
storage modulus. The pre-yield behavior of the ferromagnetic 
nano-particle fluid was therefore modeled by Kelvin-Voigt 
model. Based on the results obtained in the rheology tests, the 
three-parameter fluid was used to model the pre-yield behav-
ior of the MR fluid.  

Time domain results were studied separately. Two vis-
coplastic models, Bingham-plastic (BP) and Herschel-Bulkley 
(HB) models, were adopted to model the rheological behavior 
of fluids in the time domain. The preferable model depended 
on the field strength and the shear rate. Both models were 
utilized to characterize the fluids’ behavior.  

The flow indices of the fluids are lower than unity (in HB 
model); the implication is that the fluids’ behavior in the post-
yield region is shear thinning. For the ferromagnetic nano-
particle fluid, the BP model works well in the post-yield re-
gion. However, the HB model describes the material behavior 
adequately in both the pre-yield and post-yield regimes. For 
the MR fluid, the BP model is good over the entire range of 
the applied fields but for shear rates beyond certain values, 
which depend on the magnetic field. The HB model is fine for 
all shear rates at low magnetic fields. The models properly 
predicted the results observed in the experiments.  

The models describing the dependence of the shear 
modulus and yield stress on the magnetic field were also in-
vestigated. Good conformity was obtained between the ex-
perimental values and the existing models that characterize 
these variations by quadratic polynomials. 

Future attempts can be made to present a unique model in-
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Fig. 12. Shear stress vs. the shear rate in different magnetic fields (0.2-
1 A) for the ferromagnetic nano-particle fluid (the HB model: curve-
line, test: discrete marks). 
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Fig. 13. Shear stress vs. the shear rate in different magnetic fields (0.2-
1.8 A) for the MR fluid (the HB model: curve-line, test: discrete
marks). 
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corporating both frequency and time domain results. Further 
investigations should also be conducted to extend the results 
obtained here for other MR fluids. 
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